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LETTER TO THE EDITOR 

Asymptotic expansions of radial integrals for Dirac-Coulomb 
functions 

K K Sud and A R Sud 
Physics Department, University of Jodhpur, Jodhpur-342001, Rajasthan, India 

Received 12 July 1978 

Abstract. An asymptotic expansion of the Appell’s hypergeometric function F,(a, al, aZ, 
b , ,  b,; x ,  y )  is given for the case when all of its five parameters are large. This result is useful 
for calculating the radial integrals involving higher angular momentum components in 
electron wavefunctions. 

1. Introduction 

The radial matrix elements which arise in the distorted wave Born approximation 
(DWBA) analysis of an electron scattering in the Coulomb field of the nucleus can be 
expressed in term of Appell’s hypergeometric function Fz (Uberall 197 1). Appell’s 
hypergeometric function Fz is a doubly infinite series: 

which is convergent for 1x1 + IyI < 1 (ErdClyi eta1 1953). The variables of the FZ function 
which occur in calculations of the virtual photon spectrum (inelastic electron scattering) 
and bremsstrahlung do not satisfy the conditions of convergence. Such FZ functions 
require analytic continuation relations which are given in the literature (Gargaro and 
Onley 1971, Sud and Wright 1976, Sud et a1 1976). The continuation relations are 
given in terms of five doubly infinite series (Sud and Wright 1976) and in terms of three 
series (Gargaro and Onley 1976, Sud and Wright 1976). We shall use the continuation 
given in terms of three doubly infinite series. The expression for the virtual photon 
spectrum is given in $2 in terms of an infinite sum over positive definite terms in 
equation (4), a similar type of expression exists for the bremsstrahlung. The term 
involving large partial waves corresponds to distant collisions which emit relatively 
small numbers of photons, yet the series is extremely slowly converging. Consequently, 
the calculations of the virtual photon spectrum and the bremsstrahlung cross section 
become very time consuming. In this Letter we give a method to compute the radial 
matrix elements for terms involving higher angular momentum components in the 
electron wavefunctions. In 5 2 it is shown that Appell’s FZ function for such matrix 
elements has all its five parameters very large. The Fz function and the associated series 
to which it is continued have Barne’s integral representations (Slater 1966). In 0 3 
Barne’s integral representations for Q1, Qz and F3 functions are used to obtain the 
asymptotic expansion for the FZ function. 
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2. Radial integrals for Dirac-Coulomb functions 

Here we shall give the expression for the virtual photon spectrum and show that the 
radial integrals can be evaluated by computing Appell's hypergeometric function Fz. 
For a relativistic electron in the Coulomb field of a point nucleus, the radial wavefunc- 
tions are the solutions of the Dirac equation with V = -Ze2/r: 

(a. p +@me + V)$ = E$ (2) 
where 

and ai, i = 1 ,2 ,3 ,  are the Pauli spin matrics, IZ is the 2 x 2 unit matrix. The solutions of 
the equation (2) (Rose 1961) have the form 

The spin-angle functions ,yz and ,yf, are eigenfunctions of the operator K = (U. L + 1) 
with eigenvalues - K  and K respectively, and p is the eigenvalue of the third component 
of total angular momentum. 

The normalised wavefunctions f, and g, are given as 

x {  R,"y+i~~- i~ ' '" ,F , (y+ l+ i l ) ,  Im 2 y + l ;  2ipr)l 

The phase shift of this solution is 

- arglr(y +is)+ i$ -:IT + $(K 1721. 

The subscript 1 (or 2) will be used to denote the incident (final) state of the electron. 
The expression for the virtual photon spectrum (for details see Gargaro and Onley 
1971), is given as 

x KlK2 C ~ ( ~ ) ( 2 j l + l ) ( 2 j 2 + l ) I ~ ( j l , j z , ~ ;  - ~ , ~ ) R * ( K ~ , L , K Z ) I ~  (4) 

where E2 = E1 - W; and the operator S(A ) enforces the selection rule; lI + l2 +L is even 
for electric transitions and odd for magnetic transitions. We also have 

K for K >o 
K - 1  for K < 0. 
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By using finite expansion for the spherical Hankel function, 

and g, and fK as given in equation (3), we can express the integrals in equations ( 5 )  and 
(6) as a sum of the following integrals: 

I(/, m, n >  = Jo dr r V l c y 2 - n  exp[i(pz - P I  + WI 
m 

x l F ~ ( y ~  + I  - 1 + i v l ,  2y1+ 1 ;  2ip1r) 1F1(-y2+2-m - iv2 ,2y2+ 1 ;  2ip2r) 
(8 1 

where I, m = 1 , 2 .  The above integral can be written in general notation as follows: 

I = Jom d r  e-"r"-' lFl(al, b l ;  klr)  1F1(a2, b2;  k z r )  

For large values of Dirac angular momentum quantum numbers ~ ~ ( 7 ~ )  and K ~ ( Y z ) ,  
all the five parameters of the F2 function become large. In the next section we give the 
asymptotic expansion of such a function. 

3. Asymptotic expansion for the FZ function 

We shall use following analytic continuations (see Sud et al 1976) of the F2 function: 

F ~ ( L Y ,  ai, ~ 2 ,  bi ,  bz; X, y ) =  Q', + Q; + Qi. (10)  

The a;, Qi and Q$ series are given explicitly as 
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QL = r(b2F(bl)r(a -a1 - ~ 2 ) ( - ~ ) - a ~ ( - ~ ) - a ~  
r w ( b 2  - a 2 w l  - al) 

(13) 
XF3(al,a;?, l - b 1 + ~ 1 , 1 - 6 2 - ~ 2 :  1 + ~ 1 - ~ 2 - a :  l /x ,  l / x )  

where 
(a)m+n(l- b2 + a ) m + n ( a l ) m  1 

Q1= m.n c (1 - ~ 2 + a ) m + n ( b l ) n  m!n!  ( ; ) m (  -;y 
and 

Q2= C (~2)n( l  -b2 + ~ ) n ( a l +  a2 
)n-m ( - ;) m( - ;) n. 

m , n ( b l + a 2 - a ) n - m ( 1 + a ~ - a ) n - m m ! n !  

For large values of K~ and K~ all the parameters of the F2 function are large but a few 
parameters of the Q1, Q2 and F3 series become small. For the 0 1  series the parameter 
(1 - b 2 + a ) ,  for the Q2 series the parameter (a1 + a 2 - a )  and for the F3 function the 
parameter (1 + al + a2 -a) are small. We will obtain the asymptotic expansions for Q1, 
Q2 and F3 series when one parameter in each series is small. 

We describe here in detail the method used to obtain the asymptotic expansion for 
the Q1 series. The Barnes integral representation for the Q1 series is given as 

Ql(u, b, c : d,  e : x ,  y) 
+im 

- r(d)r(e) ds dt r(a + s + t)r(b + s + t )  - r (a  )r(b)r(c) (2 Ti)' T(d + s + t )r(e  + t )  
-im 

x r(c + s)r(-s)r(-t)(-x)s(-y)L. (14) 
The integrand has the following sequences of poles: an increasing sequences of poles 

at 
s = n, t =  n 

and the decreasing sequence of poles at 

s = - c - n  

where n = 0, 1 ,2 ,  , . . 

where n = 0 , 1 , 2 , .  . . . 
The Q1 series is obtained by closing the contours in the s and t planes on the right-hand 
side of the imaginary axis, and integrating by making use of the residue theorem. The 
asymptotic expression for the r(c + s) for large values of c (ErdClyi et a1 1953) is given 
as 

when c + 00; if larg(s + c)l T - 8, larg C I  s T - 8, where S is any positive parameter. On 
substituting in equation (14), the asymptotic values of the gamma functions r ( a  + s + t ) ,  
r(c +s), r (d  + s + t )  and T(e + t ) ,  for large values of their parameters a, c, d and e, we 
obtain 

Ql(a, b, c : d, e : x ,  y) 

r(c +SI- (27r)1'2 e-' escc-+, (15) 

+im 

- --- 1 1  I[ ds dtr(b +s +t)r'(-s)I-(-r)( -Ex)'( - 2 y ) ' .  
r ( b )  d de 

-im 
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Integrating equation (16) by enclosing the contours in s and t planes on the 
right-hand side of the imaginary axis by using the residue theorem: 

Q l ( a , b , c : d , e : x , y ) = C  - ( -x) (b)m+n ac (ZY)  a . 
m.n m ! n !  d 

Similarly, we can obtain the asymptotic expansions for 0 2  and F3 series: 

and 

On substituting the asymptotic expansions for Q1, 0 2  and F3 functions (as given by 
equations (17), (18) and (19)) in equation (lo), we obtain the asymptotic expansion of 
the FZ function when all of its five parameters have large values: 

F z ~ ,  a ] ,  U Z ,  b l ,  bZ: x ,  Y )  

r(bz)r(az - a )  
=(  r(az)r(bz - a )  

a 

(ul+aZ-a)n-m [(bl +az -a ) ( l  +a2- a)x]" m ! n !  x c  
m.n 

1 al(l+al--bl) 
-( x 

(20) 

1 
X T :  

m,n (1 + a1 + CI~--CY),+, m ! n !  

The expression given in equation (20) may be used to compute the radial integrals 
involving higher angular momentum components in  the electron wavefunctions. 
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